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Abstract 

In this letter we have considered the eigenvalues and eigenf unctions of relativistic massless 
scalar particle which conformally coupled to the background of Einstein universe. We found the 
eigenvalues and eigenfunctions exactly. 
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1 Introduction 

The one of the most interesting problem in theoretical physics is the connection between the quantum 
mechanics and gravity. Since the birth of quantum mechanics there has been many work in this topic 
Chandrasckhar, studied the Dirac equation in a Kerr space-time background. He separated 
the Dirac equation into radial and angular parts [2]. The Page extended this work to the Dirac equation 
for an electron around a Kerr-Newman back hole back ground, in this case also the Dirac equation is 
separated into decoupled ordinary differential equation[3]. The separation of variables for the massive 
complex Dirac equation in the gravitational back ground of the Dyon black hole has been done in 
[5]. Also, in [6] the radial part of Dirac equation in a Schwarzschild geometry has been solved by 
using WKB approximation method. Moreover above theoretical works several experiments have been 
performed to test theoretical predications, for example the authors of [12] have been used a neutron 
interferometer to observe the quantum mechanical phase shift of neutrons caused by their interaction 
with the gravitational field of Earth. Furthermore, Ncsvizhevsky et al [13] have been measiircd the 
quantum energy levels of neutron in the Earth's gravitational field. In this letter we shall consider the 
eigenvalues and eigenfunctions of relativistic massless scalar particle which conformally coupled to the 
background of Einstein universe. We will find the eigenvalues and eigenfunctions exactly. 

2 Massless conformally coupled spin zero quantum relativistic 
particles 

The simplest cases in which the analysis of quantum behavior of particles can be done is the massless 
spin zero particles in the static spacetime. Here we consider the Einstein universe, which scalar particle 
conformally coupled it. The line element for, this space is given by 



ds^ = dt^ - a^dx^ + sm{xf{de^ + sin^ 9dip^) 



(1) 



in this case the scalar curvature is as following 




(2) 



The equation of motion for massless scalar particles is given by 



(□ + £,R)u{x) = 0, 



(3) 



where □ is given by 



° = {-9)^d^{{-9)^9'"'d.]. 



(4) 



The modes u{x) are separated as 



Uk{x) = -yk{x)xk{t), 



(5) 



with X — (x, 9, ip) and yk{x) is a solution of 



A3 



yk{x) 



{e - l)yk{x), 



(6) 
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with this separation Xk satisfies following equation 



+ 



Xk = 0, (7) 



with ^(4) = i, also c{r}) = a'^{t), which the conformal time parameter ry given by 



r, = j\-\t')dt'. (8) 



Using the scalar curvature Eq(2), the normalized solution of Eq(l) can be written as 

Xkiv) = (2a;fe)-V2e--'=^ (9) 

where 

u;l = k' + (6C - 1). (10) 
For conformally coupled case ^ = ^ we have 

col = k^ k = l,2,... (11) 

Which cok = k are eigenvalues of massless scalar particles in our interest background. Therefore the 
eigenvalues are equally spacing. The eigenfunctions yk of the three-dimensional Laplacian are [15, 16] 

Vkix) = IlKjix)Yp{0,^), K = {k,j,M) (12) 

where 

M = -j,-j + l,...,j; i = 0,l,...,fc-l fc = l,2,... (13) 

The Yj^ are spherical harmonics. The functions II^- (x) are defined by [14] 

— 1+ ' 

Ii''Six) = [l<ikn{ikr + l']...[{ikr+f]Y sinh^(^x)(^^J^) 'cos(fcx). (M) 
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